In this paper the electrophoretic mobility and the electrical conductivity of concentrated suspensions of spherical colloidal particles have been numerically studied under arbitrary conditions including zeta potential, particle volume fraction, double-layer thickness (overlapping of double layers is allowed), surface conductance by a dynamic Stern layer model (DSL), and ionic properties of the solution. We present an extensive set of numerical data of both the electrophoretic mobility and the electrical conductivity versus zeta potential and particle volume fraction, for different electrolyte concentrations 
INTRODUCTION
For many years, most theories dealing with different electrokinetic phenomena have considered the case of dilute colloidal 1 To whom correspondence should be addressed.
suspensions (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . However, in a great number of practical situations, suspensions are usually more concentrated than those typically considered as dilute, so some theoretical approaches to the issue of concentrated suspensions, including electrophoresis (16) , sedimentation (17, 18) , electrical conductivity (19) , and electroacoustic phenomena (20) (21) (22) , to mention just a few, have been published in the past few decades. The majority of them have in common the use of cell models (23, 24) , to account for particle-particle interactions. The problem of electrophoresis in concentrated suspensions was first faced by Levine and Neale (16) , who derived a mobility expression for spherical particles with low zeta potentials and arbitrary double-layer thickness on the basis of the Kuwabara cell model (24) . Kozak and Davies (25, 26) extended the theory of Levine and Neale and derived a mobility expression for arbitrary zeta potentials, although the overlapping of double layers of adjacent particles is not allowed in their model. More recently, Ohshima (27) derived a general mobility formula for a swarm of identical spherical particles in concentrated suspensions comprising the limiting cases of Levine and Neale, and Kozak and Davies. Ohshima also developed a general expression for the electrical conductivity of a concentrated suspension valid for low zeta potentials and nonoverlapping double layers (19) . He showed that his conductivity formula was in agreement with O'Brien's (4) in the limit of dilute suspensions and low zeta potentials. Also, when the particles are uncharged, Ohshima's conductivity formula tends to the wellknown Maxwell formula for a suspension of uncharged spherical particles (28) . On the other hand, Hsu et al. (29) analyzed the electrophoresis of concentrated dispersions of colloidal spheres with charge-regulated surface properties, arbitrary double-layer thickness, and appreciable double-layer polarization. They admit the possibility of exchanging ions between the surface and the surrounding medium by means of dissociation reactions of some specific surface functional groups. They concluded that, in particular, their model might be used to analyze the behavior of biological cells and particles with a membrane layer. In a very recent paper, Ding and Keh (30) studied the electrophoresis and the electrical conductivity of concentrated suspensions employing both the Happel (23) and the Kuwabara cell models (24) , and developed analytical expressions for the electrophoretic mobility correct to O(ζ ) (ζ is the zeta potential), and for the conductivity correct to O(ζ 2 ), assuming double-layer overlapping. They analyzed different boundary conditions for the electric potential at the outer surface of the cells, the one by Levine and Neale (16) , and another that basically coincides with that suggested by Dukhin et al. (31) according to the Shilov-Zharkikh cell model (32) . In a recently published paper (33), we derived a general expression for the electrical conductivity of concentrated suspensions with nonoverlapping double layers, using the Kuwabara cell model and the Shilov-Zharkikh boundary condition on the electric potential at the outer surface of the cell. In that paper we discussed the discrepancies between the predictions of our conductivity formula and that by Ohshima with Levine-Neale's boundary conditions. Furthermore, we presented an analytical expression for the electrophoretic mobility, valid for low zeta potentials and arbitrary double-layer thickness, using also the Shilov-Zharkikh cell model, and compared its predictions to those based on the Levine-Neale cell model. Likewise, we extended the standard Ohshima's theories of electrophoresis and electrical conductivity of concentrated suspensions, previously modified with Shilov-Zharkikh conditions, to include the effect of a dynamic Stern layer.
In the present paper, a general conductivity formula valid for arbitrary zeta potential, particle volume fraction, surface conductance (through a DSL model), and double-layer thickness (double-layer overlapping is allowed) is derived. An extensive set of numerical data of the electrophoretic mobility and electrical conductivity under such conditions is also shown. The results clearly indicate the importance of considering the overlapping of nearby double layers and the remarkable influence on the behavior of both properties owing to the presence of a DSL.
GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
In this section we briefly review the basic electrokinetic equations and different boundary conditions of the theories of electrophoresis and electrical conductivity in concentrated suspensions (19, 27) , and show the notation used in this paper. Concerned readers are referred to our previous paper for complementary information (33) . Again, we make use of the Kuwabara cell model (24) to account for the hydrodynamic particleparticle interactions (see Fig. 1 ). According to this model, each spherical particle is surrounded by a virtual spherical shell of supporting electrolyte solution, with an outer radius b such that the particle/cell volume ratio in the unit cell is equal to the particle volume fraction throughout the entire suspension, i.e.,
a being the radius of the spherical particle, this surface com- monly designated as the "slipping plane." Outside this plane, the continuum equations of hydrodynamics are assumed to hold. Let us consider now a charged spherical particle of radius a immersed in the electrolyte solution composed of N ionic species of valencies z i , bulk number concentrations n ∞ i , and drag coefficients λ i (i = 1, . . . , N ). In the presence of a static electric field E (it will be considered as a macroscopically measured electric field), the particle moves with a uniform velocity v e , the electrophoretic velocity, in the electrolyte solution of relative permittivity ε rs and viscosity η. The axes of a spherical coordinate system (r, θ, ϕ) are set at the center of the particle. The electrophoretic mobility u e is defined by |v e | = u e E. The polar axis (θ = 0) is chosen parallel to the electric field. The electric potential at r = a, or equivalently at the slipping plane, when no electric field is applied to the system, is the zeta potential ζ . Knowledge of the electric potential (r), the number density of each type of ions n i (r), the drift velocity v i (r) of each ionic species (i = 1, . . . , N ), the fluid velocity v(r), and the pressure p at every point r in the system is necessary to completely solve the problem. The fundamental governing equations are (2, 5, 11)
where e is the elementary electric charge, K B is Boltzmann's constant, T is the absolute temperature, and µ ∞ i is the standard chemical potential of the ith ionic species. Equation [2] is Poisson's equation, where ε 0 is the permittivity of a vacuum, and ρ el (r) the electric charge density given by Eq. [3] . Equations [4] and [5] are the Navier-Stokes equations appropriate to a steady incompressible fluid flow at low Reynolds number in the presence of an electrical body force. Equation [6] means that the ionic flow is provoked by the liquid flow and the gradient of the electrochemical potential defined in Eq. [7] , and it can be related to the balance of the hydrodynamic drag, electrostatic, and thermodynamic forces acting on each ionic species. Equation [8] is the continuity equation expressing the conservation of the number of each ionic species in the system. The drag coefficient λ i is related to the limiting conductance 0 i of the ith ionic species by (2) [9] where N A is Avogadro's number. At equilibrium, that is, in the absence of the electric field, the distribution of electrolyte ions obeys the Boltzmann distribution [10] and the equilibrium electric potential (0) satisfies the PoissonBoltzmann equation
el being the equilibrium electric charge density.
The boundary conditions at the slipping plane and at the outer surface of the cell for the equilibrium electrical potential are given by,
The boundary conditions for the liquid velocity v and the ionic velocity of each ionic species at the particle surface are expressed as v = 0 at r = a [15] v i ·r = 0 at r = a (i = 1, . . . , N ). [16] Equation [15] expresses that, relative to the particle, the liquid is at rest at the slipping plane, and Eq. [16] that no ion fluxes are allowed to cross the slipping plane if a DSL is absent (r is the unit normal directed outward from the particle surface). According to the Kuwabara cell model, the liquid velocity at the outer surface of the unit cell must satisfy ν r = −ν e cos θ = −u e E cos θ at r = b [17] ω = ∇ × v = 0 at r = b, [18] which mean, respectively, that the liquid velocity is parallel to the electrophoretic velocity, and the vorticity is equal to 0 at the outer surface of the cell. Now, we will assume that the electrical double layer around the particle is only slightly distorted due to the electric field (the external field must be low enough for this condition to be valid; it is most often fulfilled in practical situations), so that a linear perturbation scheme for the above-mentioned quantities can be used, i.e.,
(as usual, the superscript (0) refers to equilibrium). The perturbations in ionic number density and electric potential are related to each other through the perturbation in electrochemical potential by (19) 
[22]
In terms of the perturbation quantities, the condition that the ionic species cannot penetrate the particle surface in Eq. [16] (DSL not yet considered) transforms into
[23]
According to the Shilov-Zharkikh cell model (32), the boundary condition for the perturbed electric potential at the outer surface of the unit cell is expressed by δ = − E · r| r =b = −Eb cos θ, [24] and provides, as Dukhin et al. pointed out (22) , the connection between the macroscopic, experimentally measured electric field and local electrical properties. Following Lee et al. (34) , the number density of each ionic species must be equal to the corresponding equilibrium ionic density at the outer virtual surface of the cell. Therefore, Eq. [22] becomes at that surface [25] where Eq. [24] has been used. Following Ohshima's formalism (27) , spherical symmetry considerations permit us to introduce the radial functions h(r ), φ i (r ), and Y (r ), and then write [28] to obtain the ordinary differential equations (27) ,
with y = e (0)
L being a differential operator defined by
and the boundary conditions at the slipping plane and at the outer surface of the cell (27, 33)
In addition to the latter boundary conditions, we must impose the constraint that in the stationary state the net force acting on the particle or the unit cell must be zero (27) . A numerical method similar to that proposed by DeLacey and White in their theory of the dielectric response and conductivity of a dilute colloidal suspension in time-dependent fields (5), has been applied to solve the above-mentioned set of ordinary differential equations. The numerical results will be shown and discussed in Section 5.
ELECTRICAL CONDUCTIVITY OF THE SUSPENSION
The electrical conductivity, K * , of the suspension is defined by [37] i being the average of the electric current density in the suspension, and E the macroscopic electric field, i.e., minus the average of the gradient of the electrical potential (r) in each position of the system with total volume V ,
where we have used the fact that the volume average of the gradient of the equilibrium electric potencial is zero.
In order to derive a general expression for the conductivity of a concentrated suspension, the earlier theoretical work of O'Brien on the electrical conductivity of a dilute colloidal suspension (4), the work by Ohshima on the conductivity of concentrated suspensions with nonoverlapping double layers and Levine-Neale conditions (19) , our previous work considering Shilov-Zharkikh conditions (33) , and the work by Ding and Keh (overlapping is allowed) (30) must be emphasized. Interested readers are highly encouraged to revise the latter papers to fully understand notation and the following procedure.
The current density can be expressed as
and substituting the perturbation scheme shown in Eqs. [19] - [21] into Eq. [39] , after neglecting products of perturbation quantities, we can obtain (19)
Adding and subtracting the quantity [41] to Eq. [40] and then taking the average yields
Using the definition in Eq. [38] , and the result that in a statistically homogeneous suspension the average of the gradient of the perturbation densities of each ionic species is zero (4), we obtain [43] N P being the number of particles in the volume V, S the outer spherical surface of a cell, and K ∞ the conductivity of the supporting solution defined by (35)
Now substituting i (Eq. [40] ) into Eq. [43] , we obtain
As pointed out by Ding and Keh (30) , the integral associated with the liquid velocity v cannot be neglected if overlapping of adjacent cells is allowed (n
, at the outer surface of the cell), as it was in Ohshima's treatment (19) . At this point, Ding and Keh introduced power perturbation expansions in the surface charge density of the particles for the functions of the problem and obtained, after this perturbation procedure, expressions for the electrophoretic mobility and the suspension conductivity, correct to O(ζ ) and O(ζ 2 ), respectively. In the present paper we aim at deriving a general expression for the electrical conductivity under arbitrary conditions. No analytical expressions for limiting cases are given. Therefore, the results would require the numerical solution of the full set of ordinary coupled differential equations governing the problem. Using Eq. [22] and some algebraic manipulation we obtain [46] and replacing with this expression the last term in the integrand of Eq. [45] , the latter becomes
[47]
With the help of Eqs. [25] and [27] , Eq.
[47] in turn becomes
Following Ohshima's notation (19), we define the coefficients C i as
and taking into account the result
we finally obtain
According to Ohshima's work (19) , symmetry considerations permit us to write (see also Eq. [26] )
and with the help of Eq. [28] , the last two integrals in Eq.
[51] can be solved to give
Now considering the definition of the particle volume fraction φ = 4πa 3 N P /3V (see also Eq. [1] ) and the boundary condition expressed by Eq. [34] , we obtain
which can be written, using the boundary conditions in Eqs. [24] and [28] and the definition of the conductivity of the solution K ∞ (Eq. [44] ), as
[56]
At r = b, Eq.
[10] yields
and substituting Eq.
[57] into Eq.
[56] after making use of the definitions of the suspension conductivity K * (Eq. [37] ), and the supporting solution K ∞ (Eq. [44] ), a general expression for the conductivity (normalized to that of the solution) of a concentrated suspension of spherical particles can be derived,
which is valid for arbitrary conditions of ζ and double-layer thickness κ −1 , where κ is defined by (35) 
If double layers of adjacent particles are not allowed to overlap, we have exp − z i e (0) (b)
and then, Eq.
[58] transforms into
after vanishing the summation term multiplying the electrophoretic mobility because of the electroneutrality. This result was already derived in a previous paper dealing with the conductivity of a concentrated suspension with negligible double-layer overlapping (33).
EXTENSION TO INCLUDE A DYNAMIC STERN LAYER
One of the most remarkable extensions of the electrokinetic models has been the inclusion of a dynamic Stern layer onto the surface of the colloidal particles. For dilute suspensions, Zukoski and Saville (9) developed a dynamic Stern layer (DSL) model to reconcile the differences observed between zeta potentials derived from electrophoretic mobility and static conductivity measurements. Shortly afterward, Mangelsdorf and White (11), using the technique developed by O'Brien and White for the study of the electrophoretic mobility of a colloidal particle (2), included a general dynamic Stern layer model in the study of the electrophoresis. They analyzed the role of different Stern-layer adsorption isotherms on both electrophoretic mobility and suspension conductivity. More recently, Kijlstra et al. (12) applied the theory of Stern layer transport to the study of the low-frequency dielectric response of colloidal suspensions, extending the thin double-layer theory of Fixman (3, 7). Likewise, Rosen et al. (13) generalized the standard theory of the conductivity and dielectric response of a colloidal suspension in AC fields of DeLacey and White (5), assuming the model of Stern layer developed by Zukoski and Saville. Mangelsdorf and White (14, 15) also developed a general dynamic Stern layer model to be applied to electrophoresis and dielectric response in oscillating electric fields. On the other hand, Rubio-Hernández et al. extended the theory of Watterson and White of the primary electroviscous effect in dilute colloidal suspensions (6) to include a DSL model (36) . Very recently, a dynamic Stern layer extension of Ohshima's theory of the sedimentation velocity and potential in dilute suspensions has been carried out (37) . In general, the DSL models seem to improve the agreement between theory and experiments (12, 13, 38, 39) as compared to the standard predictions in dilute suspensions, although many discrepancies still remain (40) (41) (42) .
In regards to nondilute suspensions, in the past few years the authors have presented DSL extensions of Ohshima's theories of sedimentation velocity and potential (43) , and electrophoretic mobility and electrical conductivity (33), of concentrated suspensions with nonoverlapping double layers. In this work, we include a DSL model in the theories of electrophoresis and electrical conductivity of concentrated suspensions, permitting double-layer overlap. As in previous papers (33, 43) , we will use the method that Mangelsdorf and White developed to allow for the adsorption and lateral motion of ions in the inner region of the double layers by using the well-known Stern model (11) .
Following this method, we will assume a Stern layer that is thin compared to either a or the double-layer thickness. Obviously, we must replace the condition that ions cannot penetrate the slipping plane. Thus, evaluating the fluxes of each ionic species through the slipping plane, new slipping-plane boundary conditions for the functions φ i (r ),
replacing those of Eq. [35] , can be obtained. The so-called surface ionic conductance parameters δ i of each ionic species are given by (11)
and comprise the effect of a mobile surface layer. In fact it is the small thickness of the Stern layer in comparison with the other length scales that permits slipping-plane boundary conditions, including the effects of a mobile surface layer, to be used (11) . These parameters depend on the zeta potential ζ , the ratio between the drag coefficient λ i of each ionic species in the bulk solution and that in the Stern layer λ t i , the density N i of sites available for adsorption in the Stern layer, the pK i of the ionic dissociation constant for each ionic species (the adsorption of each ionic species onto an empty Stern layer site is represented as a dissociation reaction in this theory), the capacity per unit surface area, C * 2 , of the outer Stern layer, the radius a of the particles, the electrolyte concentration c ∞ j (the equilibrium molar concentration of type j ions in solution), and the charge density per unit surface area in the double layer σ d . The advantage of the general DSL model proposed by Mangelsdorf and White (11, 14) over other approaches lies in its independence of the Stern layer adsorption mechanism that can be used to model the surface conductance. Rather than developing a separate surface model for each case, the latter general model permits the comparison between different adsorption isotherms and the resulting Stern layer charge densities. In this paper we have only used one of the possible Stern layer adsorption isotherms, the one where the adsorption of ions takes place onto available free surface area, and not onto specific ionic surface sites (11) . Other adsorption isotherms have been studied and compared, although the basic features of Stern layer conduction resulting from the inclusion of mobile Stern layer ions do not depend, as Mangelsdorf and White pointed out (11) , on the isotherm model used.
RESULTS AND DISCUSSION

Electrophoretic Mobility
Figures 2a-2c show the effect of both zeta potential and volume fraction on the dimensionless electrophoretic mobility, u * e for κa = 1, 10, and 100, respectively. Recall that u * e is defined as
[63] Figure 2d contains two constant-φ sections of the surfaces in Figs. 2a to 2c . Note first of all that for κa = 1 a volume fraction φ = 0.125 suffices for the existence of a significant double-layer overlap between neighboring particles. Let us also point out that our treatment correctly predicts the mobility-ζ relationship well established for dilute suspensions. Compare the upper part of Fig. 2d with the now classical results of O'Brien and White (2) . In suspensions with finite volume fractions, it is clear from our results that, in agreement with other treatments, the stronger the hydrodynamic particle-particle interactions brought about by increasing φ, the lower the mobility of the individual particles, for fixed κa and ζ . In addition, the particle concentration alters the general trends of variation of u e with ζ in a fundamental way: Figs. 2a-2d demonstrate that, particularly at low κa values, the zeta potential for which the electrophoretic mobility is maximum is larger the higher the volume fraction of particles. Let us first recall the origin of that maximum in the case of dilute systems, and we subsequently will discuss the reasons for its shift to higher ζ in concentrated dispersions.
The application of an external electric field to an isolated, charged, colloidal particle not only sets the particle itself and the surrounding charged fluid into motion: it also alters the ionic distribution around the particle. As discussed in, e.g., Refs. (1, 44, 45) , if the surface conductance κ σ is low, or, more precisely, the relaxation Dukhin number Du, defined as (46)
is low, the application of the electric field from left to right gives rise to a dipole directed in the opposite direction. This is due to the accumulation of cations (anions) on the left (right) side of the nonconducting particle. This dipole favors the particle's motion and was correctly taken into account by von Smoluchowski in his derivation of his well-known and widely used electrophoresis formula, according to which
where
is the zeta potential in dimensionless form. As the latter is increased, the mobility, although still growing with ζ , increases more slowly than predicted by Eq.
[65]. Rising ζ (or Du) means rising surface conductance in the double layer, and this gives a path for tangential counterion displacement to the side of the particle opposite to where the field accumulated them. As a consequence, the dipole strength decreases, and it might eventually change direction, thus braking the particle motion. It so happens that when ζ is sufficiently large, the strength of the dipole increases faster than the effect of the field and the mobility decreases with ζ . At some critical zeta potential u e goes through a maximum, and it is its shift to higher values as φ is increased that can be clearly appreciated in Figs. 2b-2d .
There is no clear reason for this except for the fact that hydrodynamic interactions between the particles must hinder ionic motions as well as particle motions: at large κa, when Smoluchowski theory is valid for a larger ζ interval in dilute systems (Fig. 2d, top) , the presence of a high concentration of particles (φ = 0.5) reduces the slope of the u * e -ζ * straight line to roughly 1 3 of the value of the dilute system. This means that, because of the obstacle represented by neighboring particles, the field is less effective in accumulating cations and anions favoring the particle's motion. Under the same token, their tangential migration due to surface conductance must also be hindered, and a higher ζ will be needed to reverse the u * e -ζ * increasing trend.
Electrical Conductivity
The electrical conductivity of the suspension, normalized to that of the solution, is represented in Figs. 3a-3d as a function of particle volume fraction and dimensionless zeta potential for different κa values. As before, increasing the parameter κa is equivalent to raising the ionic concentration of the solution because the radius of the particles is held fixed in our study. There are some remarkable features in these plots. First, for low ζ values the conductivity ratio monotonically decreases as volume fraction increases. Increasing the particle volume fraction when ζ is low actually means removing conducting material from the unit volume of the system and replacing it with the nonconducting material the particles are made of. If ζ is sufficiently low, and the volume fraction moderately high, both the electrokinetic charge and double-layer mobile charge, although tending to increase the conductivity of the system, are offset by the presence of an important amount of nonconducting particles per unit volume. These effects are compensated when ζ increases, for any volume fraction, owing to the increasing contributions to the conductivity of the system stemming from the electrokinetic charges and ionic double layers. The increment in conductivity is more pronounced (see Figs. 3a-3c ) the lower κa, indicating that it is the Du number (Eq.
[64]) that governs the process. Note that the conductivity of the solution, used as normalizing factor, increases with κa faster than the suspension conductivity does, thus reducing the conductivity ratio as observed. Finally, Fig. 3d permits a comparative discussion between the behavior of the conductivity ratio-zeta potential curves, for both low and high volume fractions, and different κa values (overlapping included). Similar trends are observed in the pictures as κa increases for every volume fraction. Note also the different scale in the magnitude of the conductivity ratio when the volume fraction increases for fixed κa and high ζ values. A more detailed analysis reveals the importance of allowing for double-layer overlapping when κa is low, even when the volume fraction corresponds to a suspension not too far from being considered as dilute, mainly if the zeta potential is high.
Effect of a Dynamic Stern Layer
Let us first consider the effect of the inclusion of a DSL on the electrophoretic mobility. In Figs. 4a-4d , the ratio between the DSL-corrected scaled electrophoretic mobility and the standard one (no DSL) is represented as a function of particle volume fraction and dimensionless zeta potential for different κa values. The Stern layer parameters chosen for the numerical calculations can be considered as extreme ones. The intention is to show the maximum possible effects of the incorporation of a DSL into the theory of the electrophoresis in concentrated suspensions. A more detailed study including different values of the Stern parameters was carried out in a previous paper for thin double layers (33) . Generally speaking, the presence of a DSL reduces the mobility. This is due to the fact that a more conductive surface layer reduces the strength of the ionic dipole produced by   FIG. 4 . Ratio of the scaled DSL electrophoretic mobility to the scaled standard electrophoretic mobility (DSL absent) of a spherical particle in a KCl solution at 25 • C as a function of particle volume fraction and dimensionless zeta potential. charge accumulation at low ζ . Increasing the zeta potential in dilute suspensions brings about an increasingly lower mobility in DSL conditions, as compared to the standard double-layer structure. This is again explainable in terms of the polarization of the ionic atmosphere: the larger the conductance of the electrical double layer, the lower the strength of the dipolar field accelerating the particle. The conducting nature of the inner part of the double layer reinforces the decreasing effect of zeta potential on the mobility, which is only found at high ζ in the absence of a DSL. If the zeta potential is further increased, the mobility ratio changes its trend of variation with ζ and increases toward a value close to unity. This must be a consequence of the saturation of the Stern layer charge at sufficiently high ζ : in such a situation, its effects must be overshadowed by the diffuse layer charge density. This saturation process will be reached at higher zeta potentials the lower κa, i.e., the lower the electrolyte concentration in the dispersion medium, so the minimum in the mobility ratio is not observed in Fig. 4a (κa = 1) , at high volume fraction. At low φ values, in contrast, the minimum in (u * e ) DSL /u * e is always observed. Particularly significant is the φ-independence of the mobility ratio for high κa values (Figs. 4c, 4d ) and large ζ -potential. Apparently, under these thin double-layer conditions and saturated Stern layer, the mobility is controlled by hydrodynamic interactions that likely affect to the same extent to the double layer whether ionic migration is allowed in its inner part. Recall that the liquid inside the latter is always considered to be stagnant.
Regarding the DSL correction to the conductivity of concentrated suspensions, in Figs. 5a-5d the ratio of the suspension conductivity, K * , to the DSL-corrected one, (K * ) DSL , is represented as a function of particle volume fraction and dimensionless zeta potential, for different κa values. As before, Fig. 5d   FIG. 5 . Ratio of the standard electrical conductivity (DSL absent) of a colloidal suspension of spherical particles in a KCl solution at 25 • C to the DSL suspension conductivity for the same conditions, as a function of particle volume fraction and dimensionless zeta potential. DSL parameters as described in the legend to Fig. 4. (a) κa = 1, (b) κa = 10, (c) κa = 100. (d) constant-φ sections of (a-c) for φ = 0.01 and φ = 0.5.
contains constant-φ sections of Figs. 5a-5c. The most remarkable feature in these figures is the important contribution to the conductivity of the suspension owing to the Stern layer conductance, specially at high volume fractions and low ζ ((K * ) DSL can be more than five times as large as K * ). In general, for fixed ζ the conductivity ratio monotonously decreases as volume fraction increases, clearly indicating the important effect of a surface conductive layer (DSL) superimposed on the other conductivity mechanisms already present when a DSL is absent. On the other hand, the ratio tends to unity in the high ζ region for every volume fraction because of the already-mentioned DSL saturation effects, although the overlapping of double layers for the κa = 1 case seems to slow down this tendency. Figure 5d further demonstrates that the saturation effect occurs at lower ζ -potentials in dilute suspensions: the mechanism of ionic transport hindering by double-layer overlapping must be responsible for this.
CONCLUSIONS
In this work electrokinetic phenomena in concentrated suspensions, such as electrophoresis and electrical conductivity, have been studied for arbitrary conditions of zeta potential, particle volume fraction, double-layer thickness (overlapping of double layers is allowed), surface conductance in the inner region of the double layer (DSL model), and ionic properties of the supporting electrolyte solution. A general expression for the conductivity valid for the latter arbitrary conditions has been obtained. By numerically solving the differential equations of the theory, electrophoretic mobility and electrical conductivity data have been calculated and extensively analyzed for general conditions. Special interest has been devoted to situations where double-layer overlapping cannot be neglected. Likewise, adsorption and lateral motion of ions in the Stern layer have also been considered. As a general conclusion, DSL effects give rise to very important changes in the values of both the electrophoretic mobility and the electrical conductivity in concentrated suspensions. It can be also stated that double-layer overlapping has turned out to be an essential feature that cannot be neglected when double layers are relatively thick without falling into serious errors.
